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A SET OF LINEAR EQUATIONS CONNECTEDWITH
HOMOFOCALSURFACES.

By Thomas Mum, LL.D.

(Read February 28, 1906.)

1. It is usually stated that the set of equations
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was first solved by Binet * in 1837 ; and it is certainly true that

subsequent to that date additional solutions were given by Chelini,

Cauchy, Hadenkamp, and Liouville. t The solution given in Tod-

hunter's " Theory of Equations," where a reference is misleadingly

made to Grunert's " Archiv," is really Liouville's.

The object of the present note is to make known a solution which,

though simpler than any of those mentioned, is not brought forward

wholly on that account, but also in order to draw pointed attention

to a paper of Murphy's in which is given a general mode of dealing

with equations of the type above exemplified, and which bears a

date five years prior even to Binet's paper. J
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2. The essence of the solution consists in noting that to assert

the validity of the given set of equations is the same as to say that

the expression

x z x 2 x
3

x n _ -.

z 7j r ~z ~5—r ~z 75" ~r •• • i~ -
j- —J-

S
—

Pi h ~~ P2 h ~ P3 h ~ Pn .

vanishes for n values of £, namely, the values b z , b 2 , ..., b n ; and that

therefore

*,(£-&) (£-/3 3 ) ...(if- A,) + ^(S-ft) (£-£,) •••(*-&) +
(|-/3,)(4-/3 2 )...(4-A,)

must be identically equal to

A(J- 6.) (J- 6.) ...($-&„).

Since the only term containing l
n in the left-hand member is - l

n
, it

follows that A is - 1. We have only then to put %=}3 I} j3 2 , ... in

succession in this identity and we obtain

(/3,-MQ3,-6 i ,)-G3,-ft„)
x '~~

(/3 I -A,)...03 1 -/3„) '
•-

3. As a second example, which readily suggests others, let us

take the set
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Here the equivalent assertion is that the expression
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vanishes for w ^- 1 values of £, namely, the values a It a 2 , ..., an_n and

that its differential-quotient with respect to £ vanishes for t, = a x .

Wethus learn that it is of the form
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:

and observing that it becomes 1 when £ is put -—0 we learn further

that
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^ -
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Our identity thus is
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and equating coefficients of like powers of £ we obtain
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4. The close connection of these with the cases considered by

Murphy will be evident when we quote what he calls his " prin-

ciple," which is, "If we make the right-hand member of the £th

equation disappear by transposition, the left-hand member is then a

function of £ which vanishes when £ is any member of the series 1,

2, 3, ..., n : and therefore it must be of the form ~P(x - 1) (x - 2)

(x - 3) ... (x-n)." His cases are those where the £th equation is

(a) ^ + A
r
+ F-% + ... + /^=0,v

' £ 4 + 1 £ + 2 $+«
(6) l + ^ I + £(£ + l)aJ 2 + ... + £(£ + l)...(£ + w-lK=0,
(C) l + £E I +i; 2# 2 + ... +$X = 0.
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